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Abstract An adaptive-optimal control architecture is presented for adaptive control of constrained aerospace systems that are subject to dynamic change. The
architecture brings together three key elements, model predictive control based
reference command shaping, Gaussian Process (GP) based Bayesian nonparametric model reference adaptive control, and online GP clustering over nonstationary
(time-varying) GPs. The key salient feature of our architecture is that not only can
it detect changes, but it uses online GP clustering to enable the controller to utilize
past learning of similar models to significantly reduce learning transients. Stability
of the architecture is argued theoretically and performance is validated empirically.

1 Introduction
Control of aerospace vehicles that are subject to dynamic change is a challenging
problem. Such change could happen due to faults, reconfiguration of the vehicle, or
due to different operating environments. A widely employed method in aerospace
controls is to first formulate a first-principles based model of the system, identify
its parameters through system identification, and then optimize the control design
utilizing these models. However, in presence of nonstationarity induced due to dynamic change, a single parameterized model may not be sufficient to describe the
dynamics of the system. In fact, when the change is unexpected or sudden, such as
due to a fault, a-priori models may not be applicable at all. One way to deal with
change is to estimate the parameters of a model online, and then utilize online optimization techniques, such as Model Predictive Control (MPC) ([5, 24]) to learn new
control policies. The attractiveness of utilizing online MPC is in MPC’s ability to
optimize over state and input constraints. These methods, often referred to as indiAli Abdollahi and Rakshit Allamraju are Graduate Research Assistants, and Girish Chowdhary is
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rect adaptive control mostly assume that the online generated estimates are equal to
the real parameters (an assumption known as certainty equivalence [3]). Several authors have studied adaptive-MPC architectures that rely on variants of the certainty
equivalence principle [4, 1, 15]. However, it is difficult to guarantee stability of such
methods, especially during parameter estimation transients [21].
On the other hand, direct adaptive controllers such as Model Reference Adaptive
Control (MRAC) can guarantee stability, even during harsh transients. These techniques have been successfully employed for flight vehicle control [18]. However,
MRAC methods do not typically provide stability under state constraints. Adaptive control literature also consists of hybrid direct-indirect control architectures
[19, 14, 9]. These methods seek to employ learning in a direct adaptive control
framework. For example, in Chowdhary et al.’s concurrent learning method instantaneous data is used concurrently with specifically online recorded data to speed up
the learning of unknown system parameters [11]. The learning capability of concurrent learning has been utilized with MPC architectures to yield adaptive optimal
controllers [10, 22]. However, the main limitation of the concurrent learning approach, and in fact many other adaptive control and online system identification
approaches, is that they utilize an a-priori fixed structure for modeling the unknown
system dynamics, the parameters of which are learned online. On the other hand,
the Gaussian Process MRAC (GP-MRAC) approach does not need to assume an
a-priori model structure, rather, it utilizes online data to simultaneously infer both
the structure and the parameters of the unknown system dynamics [27, 12].
The main challenge this paper seeks to address is of adaptive control in presence of unforeseen changes in the system dynamics. Our architecture is inspired
by Muhlegg et al.’s concurrent learning adaptive-optimal control architecture [22]
since it also relies on optimizing the reference model commands. This paper extends
MPC based reference command shaping technique [22] to the Bayesian Nonparametric (BNP) adaptive control of Gaussian processes [8]. Another contribution of
this paper is in showing that by optimizing the reference model commands using
MPC, the system performance can be optimized without losing the desirable stability guarantees of GP-MRAC. An online clustering method is utilized to identify and
leverage similarities between online learned GP models of the unknown dynamics.
Therefore, the key salient feature of our architecture is that not only can it detect
changes, but it also uses online GP clustering [16] to enable the controller to utilize
past learning of similar models to significantly reduce learning transients.

1.1 Related Work
Model Predictive Control (MPC), also referred to as Receding Horizon Control and
Moving Horizon Optimal Control, has been widely adopted in industry as an effective means to deal with multivariable constrained control problems [20, 25]. With
advent in compact computing resources, authors have recently proposed and employed MPC architectures for real-time control of aerospace vehicles [6]. However,
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the performance of MPC can depend on how the accuracy of the employed predictive model of the system dynamics is. Several authors have proposed learning based
MPC algorithms [4, 1, 15], however the presence of learning transients prevents a
general non-conservative solution to be formed. The CL-MPC architecture brings
together learning based MRAC and MPC and utilizes an online threshold test to
switch between the two [10]. One of the main challenges in implementing MPC
based architectures is to guarantee computational feasibility of obtaining an optimal solution online on resource constrained aircraft. In Muhlegg et al.’s approach
this problem is tackled by solving offline the optimal control problem for a linear
reference model that the adaptive controller is guaranteed to track [22].
Most existing GP inference algorithms assume that the underlying generative
model is stationary. Grande et al.’s Gaussian Process Non-Bayesian Clustering (GPNBC) algorithm [16, 2] decouples the problem of changepoint detection, regression
and model reuse, resulting in efficient online learning in the presence of changepoints. GP-NBC is highly computationally efficient and orders of magnitude faster
than other GP clustering methods, such as Dirichlet Process based GP clustering
[17]. We utilized GP-NBC in an adaptive-optimal control framework. We show that
the resulting control architecture is guaranteed to be stable, and the likelihood of
wrong clustering as well as the worst case tracking error due to misclassification are
bounded.

2 Problem Formulation
We begin by describing the class of switching nonlinear dynamical systems our
approach is applicable to. Let x = [x1 x2 ]> ∈ Dx ⊂ Rn be defined as the state vector
of the nonlinear system where Dx is a subset of Rn . Let u(t) ∈ Rm be an admissible
control input to the system, then the class of dynamical systems considered here
have the form:
ẋ(t) = Ax(t) + Bu(t) + B∆i (x(t))
(1)
where the state and input matrices A ∈ Rn×n and B ∈ Rn×m are the linear known
components, and ∆i (x(t)) ∈ Rm is the unknown, stochastic, and switching component in the system with the switching index i. The solution to (1) induces a nonstationary continuous time Markovian process. The process is nonstationary, i.e. it
does not have a time invariant generating distribution, because the stochastic component ∆i switches. We assume that the system (A, B) is fully controllable and the
control input u(t) ∈ Rm is constrained due to limited control energy available to the
system. It is further assumed that ∆i is a stochastic process, and in particular a GP.
Here we leverage the idea of modeling stochastic uncertainties ∆ (x) in MRAC using
Gaussian Processes [8]. That is,
∆i (x) ∼ GP (mi (x), Ki (x, x0 )),

(2)
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where m(·) is the mean function of the GP and K(·, ·) is a real valued covariance
function. Note that the mean function of a GP is globally Lipschitz continuous.
It is assumed that ∆i switches in an unknown manner between different models of
∆i each with a different mean mi and kernel ki . Furthermore, none of mi are known
a-priori. Hence, ∆i can also be modeled as a draw from a function generating distribution, such as Dirichlet Process - Gaussian Process BNP that can be used to build a
generative model for ∆i [17]. In which case, the inference over ∆i can be conducted
in a Bayesian manner using sampling based techniques such as Gibbs sampling.
However, we avoid this formulation, since Gibbs sampling is not amenable to online real-time implementation. Instead, the GP-NBC method described in this paper
learns and clusters together elements of a set ϒ that contains the different means mi
and the associated hyperparameters of the kernels ki . Hence, we assume that mi are
defined to be elements of a function inclusion map ϒ :
mi ∼ ϒ (x).

(3)

The above equation indicates that each GP ∆i is based on a unique mean mi from a
set over functions ϒ .
The problem we are interested in solving is tracking the states of a reference
model xrm in presence of the switching stochastic nonlinear uncertainty ∆i . Let
xrm (t) ∈ Dx ⊂ Rn be the state of the reference model which characterizes the desired response of the system. The dynamics of the reference model are assumed to
take on the form:
ẋrm (t) = Arm xrm (t) + Brm urm (x(t), r(t))

(4)

where Arm ∈ Rn×n and Brm ∈ Rn×m and the reference model input urm ∈ Rm . The
objective is to design a controller which can achieve a closed-loop performance
such that the plant model defined by (1) tracks the reference model given by (4).
Therefore a control law with a feedback term defined as u f b = Km> x; K ∈ Rn×m , a
linear feedforward term, u f f = Kb> r; Kb ∈ Rm×m , and an adaptive element, uad is
chosen to have the desired behavior.
u(t) = u f f (t) + u f b (t) − uad (t)

(5)

The gain matrices Km and Kr are chosen such that Arm = A+BKm>

and Brm = BKb
[See Section 4, (18)]. Define the tracking error as e(t) = x(t) − xrm (t). Then by
using (1) and (4) and then substituting (5) into (1), we can obtain the tracking error
dynamics as:
ė(t) = Arm e(t) + Brm (∆ (x(t)) − uad (t)).
(6)
We are now in a position to present an overview of the presented architecture
shown in figure 1. The architecture consists of three key elements, a reference command shaping MPC, GP-MRAC based adaptive control, and GP-NBC based clustering. The synthesis of uad is accomplished using the GP-MRAC method [8]. However, GP-MRAC is a tracking architecture that tracks a given reference command,
it does not guarantee the optimality of the reference command, especially in pres-
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Fig. 1 The proposed solution architecture combines three key elements: a reference model shaping
MPC, a GP-MRAC based adaptive reference tracking architecture, and GP-NBC based computationally efficient model clustering.

ence of state and input constraints. To accommodate this, we utilize the MPC based
reference command shaping technique proposed by Muhlegg et al. [22]. Hence, in
our architecture, the reference command is shaped using MPC on the linear reference model (4) in presence of state and input constraints. The optimized reference
command is tracked by the GP-MRAC which simultaneously tracks the reference
commands and learns a model of the underlying uncertainty ∆i . The GP-NBC clustering algorithm utilizes online data to learn an estimate of the set ϒ by learning
new GPs and clustering together those GPs from which samples have been previously seen. The stability of the entire architecture is argued in Section 5 and results
are presented in Section 6.

3 Review of Control Architecture
We review the basic notations and formulations of the control architecture in this
section.
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3.1 Model Predictive Control (MPC)
A brief overview of MPC for constrained discrete systems is presented (See [5, 7]
for further details). Our focus is on illustrating how MPC can be used to obtain
optimal solutions for the reference command shaping. The discretized version of
the reference model dynamics is formulated as:
xrm (k + 1) = Arm xrm (k) + Brm urm (k)
y(k) = Crm xrm (k)

(7)

by taking a difference operation on both sides we have:
∆ xrm (k + 1) = Arm ∆ xrm (k) + Brm ∆ urm (k)
∆ y(k) = Crm ∆ xrm (k)

(8)

> (k) y(k)]> results in the following state-space model.
Defining x̄rm (k) = [∆ xrm

x̄rm (k + 1) = Ārm x̄rm (k) + B̄rm ∆ urm (k)
y(k) = C̄rm x̄rm (k)

(9)

where the triplet (Ārm , B̄rm , C̄rm ) which is called the augmented model, is as follows:






Brm
Arm o>
rm
Ārm =
B̄rm =
C̄ = orm 1
Crm Brm rm
Crm Arm 1
Upon formulation of the mathematical model, the next step in design of a predictive controller is to calculate the predicted plant output with the future control
signal as the adjustable variables [30]. Assuming that at the sampling instant ki > 0,
the future control trajectory is denoted by,
∆ u(ki ), ∆ u(ki + 1), . . . , ∆ u(ki + Nc − 1)
Also, the future state variables are,
x(ki + 1 | ki ), x(ki + 2 | ki ), . . . , x(ki + N p | ki )
where N p and Nc are prediction and control horizon, respectively. Based on the
state-space model (9), the future state and output variables are calculated sequentially using the set of future control parameters and form the compact matrix equation (10) by defining,




y(ki + 1 | ki )
∆ u((ki )
 y(ki + 2 | ki ) 
 ∆ u((ki + 1) 




Y =
 ∆U = 

..
..




.
.
y(ki + N p | ki )
∆ u((ki + Nc − 1)
Y = Fx(ki ) + φ ∆U

(10)
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where,
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For a given set-point signal r(ki ) at sample time ki , the optimization objective is
to find the best control parameter vector ∆U such that an error function between the
set-point and the predicted output is minimized.
>
 Assuming
 that the data vector which contains the set-point information is Rs =
1 1 . . . 1 r(ki ), the cost function J that reflects the control objective is,
J = (Rs −Y )> Q(Rs −Y ) + ∆U > R̄∆U

(11)

Here, Q denotes a positive definite diagonal matrix and R̄ = rw INc which rw is a
tuning parameter for desired closed-loop performance. If we insert (10) into (11),
we could form the MPC problem as minimizing the cost function.
J = (Rs − Fx(ki ))> Q(Rs − Fx(ki ))
− 2∆U > φ > Q(Rs − Fx(ki ))
>

(12)

>

+ ∆U (φ Qφ + R̄)∆U
which is subject to constraints on the incremental control ∆U and the output Y ,
that are collected together in equation (13) as a matrix compact form.




−Umin +C1 u(ki − 1)
−C2
 Umax −C1 u(ki − 1) 
 C2 




(13)
 −φ  ∆U ≤  −Ymin + Fx(ki ) 
Ymax − Fx(ki )
φ

3.2 Model Reference Adaptive Control (MRAC)
In this section we briefly review MRAC (See [23, 29] for further details). We begin
first by describing model reference control architecture for systems without any
uncertainty. Let x(t) ∈ Rn be the state vector, let u(t) ∈ Rm denote the control input
and consider the following linear system,
ẋ(t) = Ax(t) + Bu(t)
Rn×n , B

Rn×m .

(14)

where A ∈
∈
We assume that the pair (A, B) is controllable and
that B has full column rank. We assume u(t) is restricted to the class of admissible
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control inputs consisting of measurable functions and x(t) is available for full state
feedback.
A designer chosen linear reference model is used to characterize the desired
closed-loop response of the system.
ẋrm (t) = Arm xrm (t) + Brm r(t)

(15)

The reference command r ∈ Rm is assumed to be bounded and piecewise continuous, the matrix Arm ∈ Rn×n is chosen to be Hurwitz and Brm ∈ Rn×m is such that
steady state accuracy is ensured. An adaptive control law including a linear feedback
part, u f b (t) = Km> x(t); Km ∈ Rn×m , and a linear feedforward part, u f f (t) = Kb> r(t)
with Kb ∈ R1×m is proposed to have the following form:
u(t) = u f f (t) + u f b (t)

(16)

Substituting (16) into (14), we have,
ẋ(t) = (A + BKm> )x(t) + BKb> r(t)

(17)

The design objective is to have the model in (14) behave as the reference model in
(15). To that effect, we introduce the following model matching conditions,
A + BKm> = Arm
BKb> = Brm

(18)

Defining the tracking error to be e(t) = x(t) − xrm (t) yields,
ė(t) = Arm e(t)

(19)

which shows that the tracking error converges to zero exponentially fast since Arm is
Hurwitz. It follows from Lyapunov theory that there exists a unique positive definite
matrix P ∈ Rn×n satisfying the Lyapunov equation,
A>
rm P + PArm + Q = 0

(20)

for any positive definite matrix Q ∈ Rn×n .

4 Adaptive Control under Switching Models
In this section we provide a method for modeling the nonlinear uncertainty ∆ (x)
which is assumed to be a smooth deterministic function in the Hilbert space H. We
look at a particular class of nonstationary switching functions ∆¯ = {∆1 , ∆2 , . . . , } ∈
H that can be acted upon the system defined by (1). Our algorithm uses an adaptive
control architecture which can learn the various models of uncertainties and detect
change points in the underlying model to actively cancel them out.
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4.1 Gaussian Process MRAC
In the presented architecture, the stochastic uncertainty ∆i in (1) is modeled as a
Gaussian process (GP) [see (2)]. A GP is a distribution over functions and a sample
drawn from a GP will be a function completely characterized by the mean and variance of the GP [26]. A common choice for defining the covariance K is the squared
exponential function:
k x − y k2
),
(21)
k(x, y) = exp(−
2σ 2
although the presented method can accommodate other kernels. The kernel function
generates a mapping ψ to an infinite dimensional Reproducing Kernel Hilbert Space
(RKHS) H such that k is an inner product defined by k(x, y) = hψ(x), ψ(y)iH . In
this RKHS, the mean mi of the data generating stochastic process ∆i is a linear
combination of nonlinear bases:
∞

m(x) =

∑ α j k(x, x j )

(22)

j=1

where αi ∈ H is a countably infinite dimensional vector, k ∈ H are the kernel functions evaluated over data points x j vectors in the dual space. This rather general
model can be learned directly from data, let D = {(X1 , y1 )(X2 , y2 ), . . . , (Xn , yn )} be
a set of state measurements sampled from an environment. Then assuming Normal
distribution as the prior on the data, the GP posterior mean and variance of the GP
given the measurements are estimated as:




K(D , D ) + ω 2 I k(D , x)
yt
∼ N (0,
)
(23)
yt+1
k(D , x)>
k(x, x)
The posterior distribution is computed by conditioning the joint distribution over the
new measurement yt+1 to obtain,
p(yt+1 | yt , xt , D ) ∼ N (m̂(xt+1 ), Σ̂ (xt+1 ))

(24)

where,
m̂(xt+1 ) = α > k(xt+1 , D )
Σ̂ (xt+1 ) = k(xt+1 , xt+1 ) − k(D , xt+1 )> [K(D , D ) + ω 2 I]−1 k(D , xt+1 )

(25)

are the predictive mean and covariance respectively and α = K(D , D ) + ω 2 I]−1 ȳ.
Hence, the mean is directly estimated from the set of available data. In essence, at
any given point in time, an instantiation of the GP can be thought of as a Gaussian
Radial Bases Function Network (RBFN). However, the main strength of the GP is
that it does need to assume an a-priori allocation of RBF centers.
However, the main disadvantage of using the traditional GP regression techniques is that the covariance matrix increases in size as the size of D increases. In
online applications, this can quickly become intractable as computing the inverse in
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(25) can become computationally intractable. It was shown in [8] that this problem
can be alleviated using online sparsification techniques, and in particular Csato and
Opper’s budgeted online Sparse Gaussian Process regression technique [13] which
only includes valuable data points in an active Basis Vector set (BV ). When new
data is observed, the sparsification algorithm computes how well the new data point
can be approximated by the existing basis vectors using a comparative test called
the kernel linear independence test which ∀ψ ∈ BV is defined as:
t

γt+1 =k ∑ αi ψ(xi ) − ψ(xt+1 ) kH

(26)

i=1

The γt+1 gives the residual distance between ψ(xi ) and the GP generated by elements in BV . An existing element ψm in the basis vector set which minimizes
D(GP k BV ) − D(GP k BV \{ψm }) is removed and the new sample is added to the
set. Given the basis vector set, the approximate mean and variance can be written
from (25) as:
m̂(xt+1 ) = α > k(xt+1 , BV )
(27)
Σ̂ (xt+1 ) = k(xt+1 , xt+1 ) − k(BV , xt+1 )> [K(BV , BV ) + ω 2 I]−1 k(BV , xt+1 )
The reader is referred to [13] and [8] for details of the algorithmic implementation.
To achieve the tracking objective, the adaptive element is set to the online learned
mean of the stochastic process ∆i : uad (x) = m̂i (x) at any state x(t) from (6) to ensure
that the tracking error goes to zero asymptotically.
u(t) = u f f (t) + u f b (t) − uad (t)
uad = m̂(x)

(28)

An online implementation of Gaussian Processes in MRAC is presented in [8].

4.2 Change Point Detection with Gaussian Process Non-Bayesian
Clustering
In most existing GP inference techniques, including the ones discussed in 4.1, the
data is assumed to be generated from a single GP. However, this technique is not applicable to cases when the underlying data generating distribution could be switching in time. In particular, an algorithm that can determine the current generative
distribution does not model well the data being observed is required when ∆i is
switching. In [16, 2], the GP-NBC method is proposed for identifying separable GP
models from sequentially observable outputs, under mild assumptions [16], on the
class of functions F in which the various models exist. We present a brief overview
of GP-NBC.
For a GP, the log-likelihood of a subset of points y can be evaluated as:
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Algorithm 1 GP Clustering [16]
Input: Initial data (X,Y ), lps size l, model deviation η
Initialize GP Model 1 from (X,Y ).
Initialize set of least probable points S = 0.
/
while new data is available do
Denote the current model by Mc .
If data is unlikely with respect to Mc , include it in S.
if |S| == l then
for each model Mi do
Calculate log-likelihood of data points S using having been generated from current
model Mi (29) log(S|Mi ), and find highest likelihood model Mh , making Mh current
model.
Create new GP MS from S.
if 1l (log(S|MS ) − log(S|Mc )) > η then
Add MS as a new model.
end if
end for
end if
end while

1
log P(y | x, M) = − (y − µ(x))> Σxx (y − µ(x))
2
− log |Σxx |1/2 +C

(29)

where µ(x) = K(X, x)> (K(X, X) + ωn2 I)−1Y is the mean prediction of the model
M and Σxx = K(x, x) + ωn2 I − K(X, x)> (K(X, X) + ωn2 I)−1 K(X, x) is the conditional
variance plus the measurement noise. The log-likelihood contains two terms which
account for the deviation of points from the mean, 12 (y − µ(x))> Σxx (y − µ(x)), as
well as the relative certainty in the prediction of the mean at those points log |Σxx |1/2 .
GP-NBC algorithm, at all times, maintains a set of points S which are considered
unlikely to have arisen from the current GP model Mc . The set S is used to create
a new GP MS , which is tested against the existing models Mi using a non-Bayesian
hypothesis test to determine whether the new model MS merits instantiation as a
new model, or should be clustered with an existing one. This test is defined as:
M̂
P(y | Mi ) i
Rη
P(y | M j )
M̂ j

(30)

where η = (1 − p)/p, and p = P(M1 ). If the quantity on the left-hand side is greater
than η, then the hypothesis Mi (i.e. that the data y is better represented by Mi ) is
chosen, and vice versa. The GP NBC algorithm is reproduced in algorithm 1 (see
[16, 2] for more details).

12

Ali Abdollahi, Rakshit Allamraju and Girish Chowdhary

5 Stability Analysis
This section proves the stability of the presented adaptive-optimal control architecture. From the tracking error dynamics in (6), it follows that since Arm is Hurwitz, if
k∆ − uad k is bounded, the tracking error stays bounded. The main advantage of the
reference command shaping architecture utilized here is that optimizing the output
of the reference model using MPC will not change the tracking error dynamics in
(6) [22].
Remark 1 The tracking error dynamics can be derived as follows:
ė = ẋ − ẋrm = Ax + B(u + ∆ ) − Arm xrm − Brm r
= Ax + B(Km x + Kb r − uad + ∆ ) − Arm xrm − Brm r
= (A + BKm )x − Arm xrm + BKb r − Brm r − Buad + B∆
= Arm e + B(∆ − uad )
Note that due to the matching conditions in (18), the reference signal is canceled
out, hence, the stability of the architecture is not affected directly by the MPC based
reference command optimization. Hence, unlike previous learning based MPC architecture [4, 10], we do not need to explicitly account for the effect of including
MPC in the closed loop in the stability analysis.
Let ξ (t) be a zero-mean Wiener process and Gσ be a linear operator associated
with the covariance kernel k(z, z0 ) [26], then following the analysis in [8] we let,
∆ (z) = m(z(t)) + Gσ (t, z(t))dξ

(31)

Hence, the tracking error dynamics can be written as [8],
ė = Arm e + B(εm + Gσ )

(32)

where εm = m − m̂ and uad = m̂ is the estimation of the mean m. Now, to bound
k∆ − uad k, we can utilize the Global Approximation Theorem for GPs from [8],
which yields the following bound on εm :
√
2κ 2 M kmax κkmax M
+
(33)
k εm k≤
ω4
ω2
where kmax is the greatest kernel approximation error, κ is the maximum value
that the kernel can take (1 for Gaussian kernel), ω is the process noise, M is the
largest value of an outlying measurement [8].
The following theorem guarantees the stability of the presented architecture:
Theorem 1 Assume the system in (1), control law in (5) and the uncertainty ∆
which is representable by a Gaussian Process. Then, the outlined adaptive-optimal
control algorithm and uad = m̂(z(t)) guarantee that the system is mean square uniformly ultimately bounded a.s.
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Proof. The proof follows directly from [8]. In particular, by letting V (e(t)) =
1 >
2 e (t)Pe(t) be the Lyapunov candidate, where P is the positive definite solution
to the Lyapunov equation (20), it can be shown that the Itô differential of the Lyapunov candidate is less than zero outside of the set,
p
c5 M + (c5 M)2 + 2λmin (Q)c1
}
(34)
Θγ = {k e k≥
λmin (Q)
where c3 =

2κ 2
, c4
ω4

=

κ
,
ω2

√
and c5 = c3 kmax + c4 kmax .

Remark 2 The bound in (34) gets tighter as the kernel density increases. The ability
to handle higher kernel density directly depends on the available onboard processing power and memory, hence increasing processing power and memory can help
reduce the error bound. The bound in (34) gets looser with large outliers M, but can
be balanced with larger regularizing parameter ω. Finally, note that unlike RBFNN based proofs [28], operation over a compact domain where kernels have been
a-priori allocated need not be assumed, the domain can grow with data, but the
kernel budget restricts attainable accuracy.
Remark 3 The above theorem guarantees that the system states will be driven inside a positively invariant set exponentially fast. Therefore if the switching interval
between any two consecutive model (∆i ) switches is sufficiently large, the stability
of the switching nonlinear dynamical system in (1) can be guaranteed. Note that the
required time interval between any two switches will always be finite, because of the
exponential convergence guarantees.
We now analyze the effect on the stability due to potential miss-classification by
GP-NBC of the underlying model. Note first that GP-NBC is guaranteed to correctly
classify the underlying model within a finite number of samples [16]. This property
allows us to prove the following corollary:
Corollary 1 Consider a system and the tracking error dynamics as described by
(1) and (6). If the worst case εm is defined as εw =| m − m̂worst | where m̂worst =
supi∈ϒ (m̂true − m̂i ) and the probability of making an incorrect prediction and detecting a switch point are defined as δL and δD , respectively, then, the growth in the
tracking error due to a potential miss-classification by GP-NBC is bounded with
probability 1 − δL − δD .
Proof. The presented proof is based on the worst case εw which is calculated using
the largest difference of ε and follows the analysis used in [16] to obtain an upper
bound on the growth of the tracking error. By applying the triangle inequality to the
solution of the tracking error dynamics (6), we obtain the bounds on e(t) as,
Rt

k e(t) k≤k exp(A(t − t0 ))e(t0 ) k + k exp(A(t − τ))B(τ)(∆ − uad )dτ k

(35)

τ

From [16] there exists an upper bound on the total number of time steps GP-NBC
can make an incorrect prediction when the model has switched. This guarantees
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that the integral defined in the transient response is finite. Since ∆ − uad is upper
bounded by εw the above equation reduces to
k e(t) k≤k exp(A(t − t0 ))e(t0 ) k + k A−1 [exp(A(t)) − I]B(t)εw k

(36)

Since the total number of time steps GP-NBC makes an incorrect prediction is
n + (m − 1)Nc (UE , dx ) with probability 1 − δL − δD [16], the integral in the transient
response is finite with the same probability. Here n is the worst case bound on the
number of samples such that GP makes an incorrect prediction, m is the window size
to sufficiently distinguish any two models and Nc (UE , dx ) is the covering number
[16].

6 Results
In this section we evaluate the presented architecture through simulation on a representative flight control problem. Consider the uncertain nonlinear dynamical system
in the form (1):
      
ẋ1
0 1 x1
0
=
+
(u + ∆ )
(37)
ẋ2
0 0 x2
1
This class of models is applicable to the class of wingrock dynamics:
      
0 1 φ
0
φ̇
=
+
(δa + ∆ )
0 0 p
1
ṗ

(38)

where δa = u in (37) is the aileron deflection, φ is the roll angle, and p is the roll
rate. The generic nonlinear and time-varying uncertainty ∆ takes on the following
form for wingrock dynamics ∆ = W0 +W1 φ +W2 p+W3 |φ |p+W4 |p|p+W5 φ 3 . Here
we assume that the weights W are randomly switching between the three different
sets of weights given below:

 
 
  
0
−3
2
W0
W1   0.2314  −0.01859  0.324 

 
 
  
W2   0.1918   0.01516  −0.01516

,
,
 =
W3  −0.6245 −0.06245 −0.06245

 
 
  
W4   0.0095   0.0095   0.0095 
0.0214
0.0214
0.0214
W5
The natural frequency and the damping ratio of the chosen reference model are
ωrm = 2 and ζrm = 0.5, so that:
  

 

ẋrm1
0 1
xrm1
0
=
+
u
(39)
ẋrm2
−4 − 2 xrm2
4 rm
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The feedback and feedforward gains are Km = [−4 − 2], Kb = 4, respectively.
The simulation runs for 250 seconds with a time step of 0.01 seconds.
The weights are assumed to switch in a manner unknown to the controller, however, we assume that there is a finite time interval between any two switches. In order
to test the performance of our method, we compare the presented GP-MRAC-NBC
algorithm with a GP-MRAC architecture which learns the uncertainty model without clustering. We show comparisons between the positions and velocities between
both the methods along with the error performances.
Figure 2 presents the tracking performance. The baseline GP-MRAC has suboptimal transient performance, since it can be seen that once the modeling error is
switched to second set of weights, the positions are not optimally tracked. However
in steady-state, when GP-MRAC does learn the new model, GP-MRAC’s performance is similar to GP-MRAC-NBC.
Figure 3 compares the error performance of the baseline with the GP-MRACNBC. A degradation is noticed in the error performance when no clustering is performed. It can also be noticed that the performance of the clustering algorithm improves over time as the algorithm sees more and more data from a particular model.
For example, the error of the system with the first set of weights has improved in
performance when first model is encountered the second time. The same is true
for second and third sets of weights. This indicates long-term learning and reuse
of previous experience. Sharp peaks in the error plot indicate the points where the
clustering algorithm is using the data to identify the right model and hence there
is a small degradation in the performance, however, once identification is done, the
tracking error significantly reduces. Figure 4 shows that the GP-NBC algorithm is
able to correctly detect changes in the model and cluster together data from the same
underlying GP.
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Fig. 2 Comparison in performance without and with clustering the uncertainty models.
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Fig. 3 Comparison in error performance without and with clustering the uncertainty models.
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7 Conclusion
We presented a GP based adaptive-optimal control architecture for adaptive control
of aerospace systems with dynamically changing stochastic modeling uncertainty.
The key salient feature of our architecture is that not only can it detect changes,
but it uses online GP clustering to enable the controller to utilize past learning of
similar models to significantly reduce learning transients. The stability of the architecture was argued theoretically, and empirical results showed that it can be used in
online settings. These results indicate the possibility of designing flight control and
decision making systems that can adapt to unforeseen situations while being able to
leverage past experience to minimize suboptimal performance due by reducing the
time spent in learning.
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